In this paper, we consider the conjugacy problem for HNNextensions of groups with solvable conjugacy problem for which the associated subgroups are cyclic. An example of such a group with unsolvable conjugacy problem is constructed. A similar construction is given for free products with amalgamation.
INTRODUCTION
It is known that an HNN-extension of a group with solvable conjugacy problem may have unsolvable conjugacy problem. Some restrictions placed on the type of HNN-extensions force the conjugacy problem to be solvable. In this paper, we investigate HNN-extensions with infinite cyclic associated subgroups. That is, we consider HNN-extensions of the form G = (H,t;t~xat = b), where a,b G H are of infinite order. We also consider the analogous situation of free products with cyclic amalgamated subgroups.
The conjugacy problem for HNN-extensions and free products with amalgamation of this type has been considered by M. Anshel and P. Stebe [1] , L. P. Comerford and B. Truffault [2] , R. D. Hurwitz [3] , and S. Lipschutz [4] , among others. All obtained results giving conditions which guarantee that such groups have solvable conjugacy problem. In this paper, we approach the problem from the opposite direction. An example of an HNN-extension G = (H,t;t~ at = b) where H has solvable conjugacy problem, G has solvable word problem, but G has unsolvable conjugacy problem is constructed. A similar example is given involving free products.
In §2, we show the existence of a one-to-one recursive function /: N -► N with nonrecursive range such that Sn = {f(kn): k = 1,2,...} is recursive for each n = 2,3, ... . In §3, we use the function / to construct group presentations H and G, each with a recursive set of generators and a recursively enumerable set of defining relators. H has the following properties.
(i) H has solvable conjugacy problem; (ii) H has an infinite cycle subgroup (d) such that (a) there is no algorithm to decide if an arbitrary W in H is conjugate to an element of (d) ;
(b) the problem of membership in (d) is decidable; (iii) If W g H then W is not conjugate in H to W~x .
Let G = (H,t;t~ dt = d~ ). The group G has solvable word problem by (ii)(b). Straightforward arguments show that for any W g H, W is conjugate to W~ in G if and only if W is conjugate in H to an element of (d). Thus G has unsolvable conjugacy problem.
We then use the standard HNN embedding into a two-generator group to obtain the result for recursively presented groups. Free products with amalgamation are also considered.
§4 contains the proofs of some assertions used but not proved in §3.
The function /
In this section, we prove the existence of a recursive function / with certain special properties. We next show that / is one-to-one. Suppose
Therefore, m = n and ik = jk and ak = ßk for all k = l, ... ,n. Hence, Oi a; a" ßt ßl ßm p.
p.
•
PhPh-Pit €SP, if and only if (i) 7, = <?(0 and y, >;',_,>•••> ;2 > /', + / ; or (ii) ;'| = /?(*') for some i' < i,j)> ■■■ > f2 > jx + i , and js -j\ = i for some s between 2 and /. It follows immediately from the claim that Sn is recursive if n is prime.
We now prove the claim. First assume that pTpV ■•P°¡1 is in Sn . Then
for some pf'pß2--pßl where i. < L < ••• < i, and i = i, for some t = Case (2) . If
Therefore, jx = g(ix) for some ix < i, j2 > jx + ix, and i = j( -/, for some t between 2 and /. That is, (ii) holds. and since js -jx = i for some s, we have ts = i for some s. Therefore, n G S. This completes the proof of the claim.
To complete the proof of the lemma, we need to show that Sn is recursive if n > 1 and n is not prime. Let p be any prime divisor of n . Then, x G Sn implies x G S . To determine if x G Sn , first determine if x G S . If not, then x £ Sn . If so, we can effectively find the unique number a such that x = f(ap). If n divides ap then x GSn. Otherwise, x g Sn . G
The groups
In this section, we give an example of a recursive group presentation N with solvable conjugacy problem and with infinite cyclic subgroups Ax and A2 such that the HNN-extension of G associating Ax and A2 has unsolvable conjugacy problem.
If Wx and W2 are words, we use Wx = W2 to mean that W{ and W2 are identical words, Wx = W2 to mean that Wx and W2 are equal as elements of the group G, W. = W7 to mean that W. and W7 are freely equal, and We begin with some definitions. is isomorphic to the group presented by H. We first show that H has solvable word problem from which it follows that there is an effective procedure to determine if a word is reduced.
Lemma 2. H has solvable word problem.
Proof. Assume W = xa' zßl ■ ■■ xa"zß" is freely reduced and in condensed form. Note that z7 x.z. has infinite order. We claim that x. ~ x~x if and only
if j G range of /, from which it immediately follows that G has unsolvable conjugacy problem. We now prove the claim. If j g range of /, then in G
(ii) there is a sequence of words VX,V2, ... ,V2 with x¡ = Vx and xj = V2p such that V2j+X ~ V2j+2 for j = 0, ... ,p -1 and, for each / = I, ... ,p -I, there is an e = ±1 with t~cV2jt£ = K+1.
We will first show that (i) is impossible. If j & range/, then x ~ xj if and only if x, ~ x~ which is clearly impossible. If / = f(n), then
which is impossible since n ^ 0. Therefore, if x¡ ~ x, , (ii) must occur and J G J so x. must be conjugate in H to an element of the form z~xxxzx where n is some integer. If / 4. range / and x, ~ z\ x?z., then x ~ z7Xxn,z, which is
impossible. Therefore, x ~x_1 implies that j G range/, a J G •*
We mention without proof that G has solvable word problem. We now extend the above result to recursive presentations by using the standard HNN embedding into a two-generator group and checking that the appropriate properties are preserved. Let F = H*(a,b) and N=(F,t;t~xat = b, fxb~'ablt = h^'ba (i = 1,2, ...)).
Then N has solvable conjugacy problem.
Proof. It is known that N has solvable word problem. Let Gx be the group generated by {a,b~'abl (i = 1,2,...)} and let G2 be the group generated by {¿z,/z(£i_'¿za' (i = 1,2,...)}.
Let (¡> be the isomorphism from Gx to G2
defined by 4>(a) = b and 4>(b~lab') = hta~lbal for i = 1,2,... . We need the following assertions whose proofs will be delayed until §4.
(1) There is an algorithm to decide if elements of Gx LiG2 are conjugate in N.
(2) There is an algorithm to decide, given V g F , if V is conjugate in F to an element of C7, u G2 and, if so, to find such an element. Since ¿-reduction is effective, we may assume that we are dealing with cyclically /-reduced words and we may consider the base and nonbase cases separately. Base Case. We first consider conjugacy in N of elements of F. Suppose By considering the first two i-pinches on the left-hand side of (*), one obtains that C~'t/C = V implies xm4>(C)y~x G Gx . Therefore, any conjugating element C has the properties (a) 4>(C) G G2 and (b) x"<KC)y-1 G Gx .
By assertion (3), there is an effective procedure that will either determine that no such C exists or produce a finite list containing all C satisfying (a) and (b). As in case (i), U ~ V can be decided. C/, and U. = W for some k.
Since such W^ and D can be effectively found, it remains only to find a bound for m. For then we will have effectively found the finite number of possible conjugating elements and each can be tested. We know that xn ,yn g G2 for otherwise U, V would not be reduced. If C~XUC = V, then <j>(C) g G2 and xn<t>(C)ynl € C72. By assertion (4), #b(<j>(C)) < #b(xn) + #b(yn) + 2. Hence, a bound for m can be found completing the proof for case (iii). a 
Proof of assertions
We now prove the assertions needed in Lemma 5. The case U gGx and V g G2 is similar, a (2) There is an algorithm to decide, given V G F, if V is conjugate in F to an element of Gx U G2 and, if so, to find such an element.
Proof. Let V G F . We may assume that V is cyclically reduced with respect to * . We have that XXDX Y2 G G2 is reduced with respect to * and #b(Dx) > 3 . By the comment above, the shortest words X" and Y2 such that Xx = X'XXX , Y2 = Y'2Y'2 and X"XDXY2 G G2 can be effectively found. Since X'x and Y2 are unique, X'xX'[DxY'2Y2 g G2, and X"DXY¡ g G2, it follows that X[ and Y2 G G2. Since X" is the shortest word such that X'XDX Y2 G G2 and since X2XDXY~X G G2, it follows that X~x ends in X". That is, X~x = X3X" and X3gG2. Therefore, X = X'XX"XX2 = X\X~X G G2 since X\ G G2 and X3GG2. g
Conclusion
The existence of a finitely presented group H and an HNN-extension G = (H,t;t~xat = b) where H has solvable conjugacy problem but G has unsolvable conjugacy problem is open. The analogous question for free products with amalgamation is also open.
